We study the non-Hermitian extension of the Lagrangian of the Standard Model extended by singlet right-handed heavy neutrinos. The neutrino mass eigenvalues are calculated for three generation case. Using experimental data available for neutrino mass observables, the non-Hermitian parameters are constrained. New contributions to leptogenesis are analyzed. While allowing for a low scale seesaw it is identified that branching ratio close to the experimental limit for lepton flavor violation is achievable in the context of Type-I seesaw mechanism. * Electronic address: mishras@nitrkl.ac.in
I. INTRODUCTION
The experiments based on neutrino oscillation phenomenon have established the fact that this abundant particle in the Universe has non-zero mass [1] [2] [3] [4] . This is in contrast to the prediction of the standard model (SM), which otherwise is a very successful theory of particle physics at low energy. Subsequently one relies on theories beyond the SM in order to circumvent the problem. The canonical or Type -I seesaw mechanism [5] [6] [7] [8] is one such leading candidate which accounts for non-zero neutrino mass by adding the extra heavy right-handed singlet neutrinos to the SM. In addition, the said mechanism can contribute to the baryon asymmetry of the Universe (BAU) through the out of equilibrium decays of right-handed neutrinos through leptogenesis mechanism [9] . Also, it induces source of lepton flavor violation (LFV). The quantitative analysis of both the phenomena (Leptogenesis and LFV) depend on h ν where h ν is the Yukawa coupling of right-handed neutrinos with the SM lepton doublets and Higgs. It is observed that h ν must be complex in order to contribute positively to the mechanism like leptogenesis. To be specific the CP asymmetry parameter, ǫ depends on imaginary part of (h ν h † ν ) 2 . h † ν appears in the hermitian conjugate part of the extended SM Lagrangian by demanding that Lagrangians are in general real. Here we study one scenario which allows us to relax the condition of hermiticity of the Yukawa interaction terms of the Lagrangian while keeping all the experimental findings related to neutrinos intact.
The Lagrangian of the SM is constructed based on three principles; locality, Lorentz invariance in vacuum and hermiticity. The hermiticity of the Lagrangian/Hamiltonian ensures real energy eigenvalues and unitarity of time evolution. In standard texts of Quantum Mechanics one often deals with Hamiltonians which are hermitian because of the preceding reason. It has been shown in [10] [11] [12] that hermiticity is a mathematical requirement to achieve real eigenvalues from the Hamiltonian. Further, a rather non-Hermitian Hamiltonian which is symmetric under the combined operation of space reflection operator, P and the time inversion operator T has real eigenvalues provided PT symmetry is unbroken 1 .
Thus PT symmetry is an alternative requirement to hermiticity for constructing many new
Hamiltonians which would have been rejected in the past on the basis of hermiticity. For 1 Under P the two fundamental operators,x andp transform likex −→ −x andp −→ −p. The time inversion operator has the effectx −→ −x,p −→ −p and i −→ −i [12] .
example consider a complex Hamiltonian which is not hermitian,
where the r, σ and θ are real parameters. The eigenvalues are given by r cos θ ± σ 2 − r 2 sin 2 θ. The eigenvalues are real in one of the parametric region σ 2 > r 2 sin 2 θ and are complex for σ 2 < r 2 sin 2 θ.
Taking a step ahead of [10] [11] [12] the non-Hermitian version of Quantum Field Theory has been studied in [13, 14] . Also, a non-Hermitian version of a Quantum Electrodynamics has been studied in [15] which is CPT invariant and consistent with unitarity. More specifically, the variant of the Lagrangian has the Dirac mass term, mψψ along with anti-Hermitian mass term, µψγ 5 ψ. In the associated kinetic term of the fermion, the covariant derivative D µ has both vector and axial vector coupling of the photon with the fermion. The authors have also studied the gauge invariance in the model and shown the restoration of gauge invariance in the limit µ 2 = m 2 . Further, [16] studies a similar non-Hermitian Yukawa model with an aim to explore the implications in neutrino sector of the SM. Similarly, [17] has given a model for non-Hermitian Yukawa interaction for one fermion generation. More particularly they study the effects of the Yukawa interaction in the Higgs boson decay to a pair of τ −leptons. Also adding non-Hermitian PT -symmetric Hamiltonian and taking matter effect into account, two flavor neutrino oscillation has been studied in [18] . It has been shown that such consideration can give rise to sub-leading effects in neutrino oscillation provided the additional parameters are small.
In this work, we study a special case of Type-I seesaw mechanism where the condition of hermiticity on Yukawa coupling terms is relaxed. We calculate the small neutrino masses for three generation case and extend the analysis to gauge the implications for other phenomenological aspects related to neutrinos. The Yukawa sector of the Lagrangian of the extended SM has both Hermitian and non-Hermitian couplings. While allowing for generation of Dirac mass term through Higgs mechanism, the couplings are constrained from experimental data. Also, the analysis shows avenue for low scale seesaw supporting enhanced branching ratio for LFV. In addition, it has the potential for additional CP violation required for leptogenesis.
In section II we recapitulate the non-Hermitian extension of extended SM Lagrangian [16] in the context of Type-I seesaw mechanism. While the neutrino masses has always been calculated [16] 
where l
T are the left-handed lepton doublets, l R 's are the right-handed charged leptons and α, k are generation indices. The Higgs doublet is represented as H andH ≡ iτ 2 H * . D µ is the covariant derivative of the electroweak gauge group of the SM and y and h are the Yukawa coupling matrices of Higgs with charged leptons and neutrinos respectively.
As discussed in the previous section we explore the relaxation of hermiticity imposed on the Yukawa interactions. Since right-handed neutrinos are singlets under the SM a Majorana mass term is also added in the Lagrangian. Focusing only on the neutrino sector, in this case, the Lagrangian can be written as
where C denotes the charge conjugation. The Yukawa couplings h ± = h ± η, assuming h and η are complex valued matrices and h † − = h + . After spontaneous symmetry breaking due to the Higgs field acquiring vacuum expectation value,
the Lagrangian can be written as,
where
From the above equation the mass matrix of the light and heavy neutrinos cane written as,
Further one can block diagonalize the mass matrix by a unitary transformation. This would yield the mass matrix of the light neutrinos and is given by,
It is interesting to note that this seesaw formula is a non-Hermitian one in contrast to the usual cases. From eq. (8) the individual mass eigenvalues can be found for physical neutrinos.
A. Case for two generation of neutrinos
For two generation h and η are (2 × 2) complex matrices. Hence there are total 16 parameters which can be constrained from experimental data. The individual neutrino mass eigenvalues for N = 2 is given by
The non-Hermitian theory would account for a massless spectrum if
But one can obtain a non-zero mass for neutrinos when,
With this condition we obtain the spectrum
The physical neutrino mass are real i.e. for M 2 to be real we require
and we can restore a massless spectrum again if the following condition is met.
Re tr h
For two generation of neutrinos there are total 16 parameters in the complex valued 2 × 2 Yukawa matrices. The constraints provided by eq.s. (13) and (14) are much weaker than that given in eq. (10) in determining the Yukawa matrices. However neutrino oscillation data will be useful in provided observational constraints on h and η.
B. Case for three generation of neutrinos
In order to verify the results of experiments related to neutrino phenomenology, it is necessary to calculate neutrino masses for three generations of neutrinos. In this case h and η are (3 × 3) complex matrices having 18 real parameters each. The characteristic equation in diagonalizing the mass matrix given by eq. (8 ) for N = 3 is given by, tr(m
where m ± is given in eq. (6) . After simplification the mass eigenvalues are given by,
which can be compared with case N = 2 given in eq.(9). Also we can have a massless spectrum of light neutrinos for h = ±η as discussed in the previous subsection.
In eq.(16) the first term is equal for all three mass eigenvalues, -
The mass eigenvalues arising from the non-Hermitian theory can account for both degenerate and hierarchical spectrum by adjusting the parameters in h and η. The masses are degenerate,
f can not be zero, else masses will be undetermined. In order to comply with neutrino oscillation data the tiny mass squared difference can be calculated in the leading order to be ,
The neutrino oscillation data can be used to constrain the parameters of h and η. For example using the order of magnitude of atmospheric neutrino mass squared difference ∼ O(10 −3 ) eV 2 and using υ ≃ 246 GeV we get,
This indicates that the parameters of h and η must accommodate mutual cancellation among themselves in order to be consistent with above condition. It is interesting to note that the parameters are independent of the choice of the scale of M R as identified by [16] . This opens up a new possibility for low energy seesaw scales. Also, it may have interesting implications in lepton flavor violation scenario in the context of Type-I seesaw.
III. CONSTRAINTS FROM NEUTRINO MASS OBSERVABLES
In this section, we discuss different experimental results related to neutrino mass observables and their possible connection with non-Hermitian parameters discussed in the previous section. The light neutrino mass matrix, m ν is diagonalized by a unitary matrix U,
where m i 's are the three light absolute neutrino masses, U is the Pontecorvo-Maki-NakagawaSakata (PMNS) unitary matrix given by, 
where c ij = cos θ ij , s ij = sin θ ij , θ ij 's are flavor mixing angles, i, j = 1, 2, 3, and P is the diagonal matrix that contains the Majorana phases and is given by,
The neutrino oscillation experiments (solar and atmospheric) are sensitive to the angles • Kurie-plot experiments:
These are spectrometer experiments where the external source of beta emitters; e.g. tritium are used. The energy distribution of electrons in a beta decay process is sensitive to non-zero neutrino mass. The distribution is sensitive to incoherent sum of neutrino masses (no cancellation due to phases),
The upper bound on m β ≤ 2.3 eV at 95% C.L. comes from Mainz [19] in Tritium beta decay. The KATRIN experiment is expected to modify the bound by an order of magnitude, m β = 0.2 eV at 90 C.L. [20] .
• Cosmological Observations:
The interplay between cosmology and particle physics has opened up the possibility to constrain neutrino mass from cosmological observations. But these observations are only sensitive to sum of three neutrino masses, i m i . The combined constraints from cosmic microwave background (CMB) experiments, large scale structure (LSS) surveys, Type-Ia supernovae and other provide the current upper bound on the absolute neutrino mass is approximately [21] ,
Further with the Planck satellite [22] it would be possible to limit the combined neutrino masses as low as 0.1 eV [23] . Further Planck 2015 results [24] have analyzed the sum of neutrino masses to be,
• Neutrinoless double beta decay:
The Majorana nature of neutrinos can be probed through neutrinoless double beta decay experiments because the decay process violates lepton number conservation by two units. The measured half-life of neutrinoless double beta decay in 76 Ge has been reported to be T 0ν 1/2 ∼ 10 25 years [25] [26] [27] . Assuming light neutrino exchange being responsible for neutrinoless double beta decay, lifetime of the decay is inversely proportional to the square of the effective masses of the neutrinos given by a coherent sum,
So the measured half life in neutrinoless mode of decay translates into the bound on the effective masses of neutrinos. Depending on the uncertainty in the nuclear matrix element the upper limit on m is deduced is around 0.6 eV signaling degenerate neutrino masses [27] . This bound will improve considerably with help of future experiments. From eq. (28) the maximum value of the effective mass can be expressed as,
In the above approximation we choose all Majorana phases to be zero [28] .
We now work towards using the above three neutrino mass observables in getting constraints on non-Hermitian Yukawa couplings as discussed in sec.(II). We first consider the case which can lead to degenerate neutrino masses. For the condition given in eq. (19) we have a common mass scale for neutrinos given by,
In the limit of degenerate neutrinos and assuming unitarity of U, different observables in eqs. (25), (27) and eq. (29) can be related [28] with a common mass scale,
There will be corrections to the above relation relying on neutrino oscillation experiments which give hint of non-zero mass splitting [28] [29] [30] . Taking m 0 as the heaviest neutrino mass, so that m 3 = m 0 for normal hierarchy and m 2 = m 0 for inverted hierarchy and by defining two quantities,
the individual mass eigenvalues up to leading order would change say for normal ordering
Using this parametrization, the three mass observables can be expressed as,
Their difference is given by,
Combining the results obtained in eq.s (30) and (35) tr (h
tr (h
In eq.s (37) and (38) , the terms in A 1 and A 2 depend on oscillation parameters and the quantities in the parentheses depend of direct observables of neutrino masses. So the nonHermitian parameters h and η can be constrained from the combination of observables. The mass and mixing angle observables being real,
Im tr (h
Using neutrino oscillation data [31] , taking m 0 = 0.3 eV in the ratios defined in eq. (32) and using experimental data available for m β , m max and m i , we find,
Re tr (h
where we have used following oscillation data [31] , 
The constraint obtained in eq. (40) agrees well with eq.s (14) and (21) . It would be interesting to explore the parameter space available for the parameters of h and η using the constraints obtained above. But for three generation of leptons the number of complex parameters are way larger than the number of constraints. So it will be useful to impose some symmetry like A 4 , µ − τ or cyclic symmetry [46] to explore the parameter space.
IV. LEPTOGENESIS
Leptogenesis [9] is an attractive scenario which can generate baryon asymmetry of the Universe (BAU) through out of equilibrium decay of heavy right-handed Majorana neutrinos.
Thus it creates a bridge between seesaw mechanism and BAU. The baryon asymmetry from leptogenesis can be approximated by [32] ,
where k is the efficiency factor calculated by solving the Boltzman equation. ǫ 1 is the CP violating decay asymmetry stemming from the interference between tree level and one loop contributions in the decay of N 1 , the lightest of the three heavy Majorana neutrinos. In the generic realizations of Type-I seesaw scenarios the decay asymmetry is given by,
V. LEPTON FLAVOR VIOLATION
The experimental evidence of flavor oscillation among neutrinos not only suggest the massive nature of neutrinos but also mixing among lepton families which can lead to lepton flavor violation. The MEG experiment has reported the upper bound on the branching ratio of µ −→ eγ, BR(µ −→ eγ) < 4.2 × 10 −13 at 90% C.L. and a future sensitivity of 4 × 10 −14 [41] . The minimal extension of the SM by adding right-handed neutrinos induces LFV, but it is well known that due to GIM cancellation [42] the branching ratio is about 40 orders of magnitude less than present-day predicted value [43] . But considering the Majorana nature of right handed singlet neutrinos tiny neutrino mass is generated via Type-I seesaw mechanism and also it induces mixing between left handed and right handed neutrinos. As a consequence of which the the unitary matrix which diagonalizes the neutrino mass matrix m ν does not coincide with PMNS unitary matrix and is no longer unitary and is given by [44] ,
The branching ratio is now given by [45] .
where m i 's are the light neutrino masses and M W is weak W-boson mass.
Similarly in the non-Hermitian extension as can be seen in eq.s (5) and (7) due to mixing among left-handed and right-handed neutrino fields the matrix that diagonalizes the neutrino mass matrix is no more unitary. Following [44] we find the diagonalizing matrix is given by,
In eq.(49) the first term of F (x i ) is not suppressed by small neutrino mass and hence dominates for finite deviation of U from unitarity. In order to enhance the LFV rates close to experimentally observable limit, it requires M R to be low and neutrino Yukawa coupling h + and h − to be large. In general implementation of seesaw mechanisms these two requirements are not compatible with smallness of the neutrino masses. In the non-Hermitian extension of the SM, there is a possibility to have low M R and set conditions for Yukawas to be of magnitude O(1) as can be seen from constraints obtained in eq.s (21) and (40).
Non-hermitian extension of Quantum Mechanics has gathered considerable attention in the recent past. It allows for a wide class of Lagrangians or Hamiltonians for study which might have been rejected on the basis of hermiticity. In this context, the non-hermitian version of QED has been pursued [15] , in particular, its application in neutrino physics [16] . In the usual hermitian version of the SM and in the neutrino sector the Yukawa coupling of neutrinos with the SM leptons appears as h ν and it hermitian conjugate h † ν which ensures the mass eigenvalues are real. In the non-hermitian context, this requirement is relaxed while keeping the mass eigenvalues to be real. The Yukawa couplings in this case are h ± = h ± η, where h and η are complex matrices whose entries are unknown just like h ν and h † ν and h † + = h − . For N generation of neutrinos, h ± have 2N 2 parameters which can be constrained from experimental observations related to neutrinos. Here we have calculated the non-Hermitian mass matrix for neutrinos for 3 generation case and have identified certain constraints which can be helpful in parameterizing h and η. Also, the fine-tuning between the parameters of h and η can account for both hierarchical as well as degenerate neutrinos.
The requirement of the smallness of neutrino mass also supports a low scale of M R which has potential application for low scale seesaw. And hence it is suitable for producing sizable branching ratio for charged lepton flavor violation processes. The Yukawa matrices h and η being complex can provide an additional source of CP violation for Leptogenesis. But the number of unknown parameters being more than the experimental constraints, it will be helpful parametrize the matrices by imposing certain symmetry like A 4 , cyclic symmetry and see the parameter space available for the non-Hermitian version of the neutrino sector [46] . The new couplings can also be constrained from nonunitarity restriction of lepton mixing matrix [48] . A detailed study with proper parametrization would soon be following this work.
The massive nature of neutrinos and flavor mixing among leptons is established by the experiments which rely on the phenomenon of neutrino oscillation. Although the latter phenomenon is considered to be the leading mechanism, there may exist sub-leading effects and are known as non-standard interactions (NSI) [47] . There may be effects from new physics beyond the SM in the form of new couplings involving neutrinos such as supersymmetry, leftright symmetry, models of extra dimensions etc., which give rise to NSIs. In summary, the
